This study examines the possibility of an invariable measure of value when price changes induced by income redistribution between profit and wages take place in general convex economies. While Ricardo searched for an invariable measure of value with respect to changes in both the factor income distribution and the technique, Sraffa constructed a standard commodity serving as a measure of the change in a factor income distribution alone by leaving aside the possibility of changes in the size and composition of output and means of production. This study allows for the possibility that a change in factor income distribution involves a change in technique, and proposes an extension of Sraffa's standard commodity. Then, we show that it serves as an invariable measure of value with respect to the income redistribution, even though it involves a change in technique. Finally, we examine whether the linear distributional relation is preserved. for their helpful comments and suggestions. The first author gratefully acknowledges financial support from JSPS KAKENHI (17K03615) and the Nomura Foundation. The usual disclaimer applies.
Introduction
As is well known, Ricardo (1951A) defined an invariable measure of value as a measure whose value is invariable with respect to changes in both the factor income distribution and the technique. 1 When commodities vary in terms of their relative value, we cannot, in general, ascertain which of them fell and which rose in real terms, because the value of the medium in which prices are expressed may also vary, which affects the variation of relative prices. For instance, although Ricardo (1951A, p. 45) believed that a change in technique had a greater impact on relative prices than did a change in the factor income distribution, he was perplexed by even the latter change: the value of net output may vary due solely to a change in the value of the medium caused by a change in the distribution of the net output between profits and wages. This problem can still occur today, and is quite important in economic theory. When stating the economic principles that regulate exchangeable value and price, we should distinguish carefully between variations that belong to the commodity itself, and those occasioned by a variation in the medium (Ricardo, 1951A, p. 48) . Indeed, investigating the effect on the variation of relative commodity prices of a change in the factor income distribution, distinguished from the variation in the medium, would be an important process for the analysis of the economic welfare corresponding to the consumption of those commodities. In this respect, an invariable measure of value would play a significant role, if it exists: we could ascertain which commodities rise and fall in real value when relative prices vary by comparing them in turn with such a medium (Ricardo, 1951A, p. 43) .
Unfortunately, Ricardo failed to find a commodity that serves perfectly as an invariable measure of value. However, he asserted that gold as money is a commodity that possesses as near an approximation to an invariable measure of value as can be theoretically conceived (Ricardo, 1951A, p. 45) . According to Roncaglia (2009 ), Ricardo's failure is attributable to the following two reasons. The first is that he attempted to identify a single commodity as an invariable measure of value. This can occur in economies with multiple commodities only if the economies have several trivial features; for example, there is only one basic commodity in the sense of Sraffa (1960, p. 8) , or the so-called organic composition of capital is identical among all sectors. The second reason is that he attempted to resolve the two distinct causes (i.e. a change in technique and in the factor income distribution) of variations in the value of the medium simultaneously. According to Harcourt (2003, p. 128 ), Ricardo's search for a measure of value invariant to changes in both factor income distribution and technique is a will-o'-the wisp.
In order to overcome the impasse into which Ricardo plunged, Sraffa (1960) divided the problem of identifying the invariable measure of value into two parts. One part of the problem is to search for a measure of value that is invariable with respect to a change in technique, 1 Ricardo's concern about an invariable measure of value appeared as early as his contributions to the "bullionist" controversy. As a bullionist, he wrote notes on the stability of the general price level during the Napoleonic wars, which are collected in Ricardo (1951B) . He had already pointed out the need for an invariable measure of value, which would enable an intertemporal comparison of values, and argued that such a measure did not exist in reality, although money could be regarded as an invariable measure of value, at least as a first approximation (see Ricardo, 1951B, p. 65) . However, his arguments at this stage were not rigorously based on the theory of value. See Salvadori (1993, 2015) and Sraffa (1951) for discussions of the conceptual transition of Ricardo's invariable measure of value. leaving aside the possibility of a change in the factor income distribution. The other part is to search for a measure of value that is invariable with respect to a change in the factor income distribution, leaving aside the possibility of a change in technique. Sraffa concentrated exclusively on the latter case by constructing a special, composite commodity, termed a standard commodity. 2 As we will see, he also demonstrated that the linear distributional relation between profit and wages holds if the standard commodity is adopted as the numéraire. Sraffa (1960, p . v) considered a situation in which there are no changes in output or proportions where different means of production are used by an industry. He argued that constant returns to scale is not therefore assumed, but that there is no harm in assuming it to be a "temporary working hypothesis." In contrast, neoclassical economists, such as Burmeister (1968 Burmeister ( , 1975 Burmeister ( , 1977 Burmeister ( , 1980 Burmeister ( , 1984 , Samuelson (1987 Samuelson ( , 1990 Samuelson ( , 2000 , Samuelson and Etula (2006) , and Solow (2014) , asserted that constant returns to scale should be explicitly assumed; otherwise, the relevance of the standard commodity and the linear distributional relation is lost. According to them, the Sraffian analysis becomes invalid without assuming constant returns to scale if the size and composition of output change.
In the next section, we discuss the debate on the assumption of constant returns to scale between Sraffian and neoclassical economists in relation to the invariable measure of value. However, our main concern does not lie in the debate itself. Rather, we focus on the fact that the Ricardian problem on the invariable measure of value has, thus far, only been partially solved. As already mentioned, Sraffa's standard commodity cannot serve as an invariable measure of value unless the possibility of a change in technique is left aside. The abovementioned debate is relevant in this respect because, under constant returns to scale, while fixing a factor income distribution, a change in technique cannot occur due to a change in the size and composition of output. 3 However, even under constant returns to scale, the cost-minimizing technique may vary as a result of a change in the factor income distribution whenever multiple alternative techniques are available. 4 Thus, the main objective of this study is to solve the Ricardian problem of an invariable measure of value when a change in the factor income distribution may involve a change in the cost-minimizing technique. We discuss this problem in the context of an economy with a convex production possibility set. Such a general model of production is suited to our subject because it can represent the case of multiple alternative techniques being available in the technical choice problem at a given moment in time. Moreover, in such a general model of an economy, we can examine any possible interdependence among changes in the aggregate demand functions of commodities, size and composition of output produced, factor income distribution, and cost-minimizing technique.
We first propose a generalization of the standard commodity in such a general convex economy, and then examine whether it can serve as an invariable measure of value with respect to a change in the factor income distribution. In this context, we generalize the definition of the price invariance of a measure of value proposed by Baldone (2006) for the case of general convex economies. The generalized standard commodity is shown to serve as an invariable measure of value, even if the change in the factor income distribution implies a change in the cost-minimizing technique. Thus, applying the generalized standard commodity as the numéraire, it can be ascertained how the relative prices of commodities are affected by a change in the factor income distribution and its associated change of techniques. Moreover, we examine whether the linear distributional relation holds for the generalized standard commodity.
The remainder of the paper is organized as follows. In Section 2, we review the notion of the price invariance of a measure of value, as defined by Baldone (2006) , and argue the role of the standard commodity in relation to the Ricardian invariable measure of value. Subsequently, we refer to several critiques that neoclassical economists gave to Sraffa (1960) , especially concerning the relationship between the assumption of constant returns to scale and the relevance of the standard commodity. In order to deal with Ricardo's original supposition that the possibility of changes in both the factor income distribution and technique is allowed, in Section 3, we generalize the concept of the standard commodity. Moreover, we demonstrate that the standard commodity serves as an invariable measure of value in general convex economies, and show the condition for the linear distributional relation. In Section 4, we present our concluding remarks.
Ricardian Invariable Measure of Value and Sraffian Standard Commodity
First, we review the meaning of the "price invariance" of a measure of value, because there is some debate on this issue. 5 As already mentioned, Sraffa (1960) separated the Ricardian problem on the invariable measure of value into two parts, and then searched exclusively for the measure, the value of which is invariable with respect to a change in the factor income distribution, leaving aside the possibility of a change in the cost-minimizing technique. He formulated the price system in the case of no joint production as follows:
where p, L ∈ R n + , π, w ∈ R + are vectors of prices, labor coefficients, the rate of profit, and the wage rate, respectively. The physical input coefficient matrix A ∈ R n×n is assumed to be productive and, for the sake of simplicity, indecomposable.
Price system (1) is a system of n equations in n + 2 unknowns, and thus there are several ways to close the system, usually by exogenizing either π or w and choosing an arbitrary commodity (or a commodity bundle) as the numéraire. However, according to Baldone (2006) , this is not an appropriate way to analyze the invariable measure of value. Indeed, when an arbitrary commodity bundle is chosen as the numéraire, we cannot investigate the effect of a change in the factor income distribution on the price of the numéraire, because it is assumed to be constant, by definition. The value of an invariable measure must be constant, irrespective of whether it is selected as the numéraire or not. In order to examine the properties of an invariable measure of value, he argued that both the rate of profit and the wage rate must be fixed without using any commodity numéraire. For a fixed wage rate w, needless to say, the rate of profit must be fixed in the range of π ∈ [0, Π], where Π is the maximum rate of profit; otherwise, the prices do not remain positive.
Then, let us fix the rate of profit and the wage rate in monetary terms so as to keep prices positive. 6 Let b ∈ R n + be a commodity bundle. From (1), the price of b is expressed as follows:
where we adopt a normalization of Lb = 1. Note that the price of b is determined because both the rate of profit and the wage rate are fixed at specific rates. Therefore, as mentioned in footnote 6, (2) represents the absolute prices. In general, the changes in the rate of profit (∆π) and in the wage rate (∆w) cause the price of b to vary, as follows:
Indeed, when the factor income distribution changes, ∆π 6 = 0 6 = ∆w. Moreover, in general, it follows that ∆pb 6 = 0, even though the change in the factor income distribution implies the following income redistribution between profit and wage:
where the change in profit is just counterbalanced by the corresponding change in wages at the initial prices. If ∆pb 6 = 0 holds, this implies that the commodity bundle b (or its net product (I − A) b) cannot serve as an invariable measure of value and, thus, cannot isolate the price movements of any other commodity bundles. Moreover, (4) no longer holds at the new prices. In this case, commodity bundle b is termed a variable measure of value.
Supposing that the value of physical inputs required to produce b and the value of b are proportional, for example, at a rate of θ, irrespective of the levels of π and w, we have
"investigating the properties of absolute prices in order to select a "correct" numéraire is an a priori that must precede a relative price analysis." From (5), (2) can be rewritten as follows:
Since (5) implies that the physical inputs necessary to produce b have the same physical composition as b, we can treat b as if it consists of a single and homogeneous commodity. Thus, we can show that in the production of b, satisfying (5), the change in profit caused by the change in the rate of profit can always be counterbalanced by the opposite change in wages, without causing a change in the price of b. This implies price invariance for commodity bundle b with respect to a change in the factor income distribution. In order to clarify the above point, we follow a similar procedure to that used in (3), as follows:
This implies that for π + ∆π 6 = (1 − θ) /θ, we have:
Thus, by (5) and (7), ∆pb = 0 holds if and only if ∆πpAb + ∆w = ∆πθpb + ∆w = 0. That is, (4) implies the price invariance of a commodity bundle satisfying (5), and vice versa. Moreover, from (3), we obtain ∆pAb = 0 whenever ∆pb = 0 holds. The above argument suggests that if a commodity bundle satisfying (5) exists, its price is invariable with respect to a change in the factor income distribution. Therefore, such a commodity bundle serves as an invariable measure of value. Moreover, this is simply Sraffa's (1960) standard commodity, which is obtained by the following system of equations:
Of course, θ is the maximum of λ: it is the Frobenius eigenvalue of A. Mathematically, the standard commodity b is the eigenvector corresponding to the Frobenius eigenvalue of A. The Perron-Frobenius theorem ensures that θ > 0 and b > 0, because matrix A is assumed to be indecomposable. Moreover, it is well known that θ ≡ 1 1+Π holds, where Π, termed the standard ratio, is the maximum rate of profit obtainable by A. Sraffa (1960) refers to (8) as the standard system. Furthermore, with regard to the invariable measure of value, Bellino (2004) notes two effects of a change in the factor income distribution on relative prices when a commodity numéraire is adopted: the own-industry effect and the numéraire effect. Suppose that the relative prices are unchanged when the factor income distribution changes. Recall that, as (1) shows, the equilibrium prices are exactly the same as the sum of the cost of labor and the means of production. Now, suppose that the wage rate decreases, and the rate of profit increases, assuming that prices are kept constant. 7 Therefore, the cost of labor decreases and the cost of the means of production increases in all industries. The reduction of the cost of labor depends on the labor coefficient of the industry, while the increase in the cost of the means of production depends on the aggregate value of the means of production, which depends on the input coefficients in the industry. Unless the proportion of labor to the means of production is uniform in all industries, the reduction of the cost of labor does not in general match the increase in the cost of the means of production among industries; the reduction would be less than the increase at a uniform rate of profit in industries with a sufficiently low proportion of labor to the means of production, so those industries would have a deficit. The reduction would be more than the increase at a uniform rate of profit in industries with a sufficiently high proportion of labor to the means of production, so those industries would have a surplus. Then, Sraffa argues that the change in relative prices is required in order to eliminate all surpluses and deficits generated by the change in the factor income distribution under the assumption that the relative prices are kept constant. He subsequently asserts that there would be a 'critical' proportion of labor to the means of production, which marks the watershed between deficit and surplus industries, and the price of the commodity produced by the industry with such a 'critical' proportion does not need to change when the factor income distribution changes. This is because the reduction in the cost of labor is always equal to the increase in the cost of the means of production, just as in the cases where the proportion of labor to the means of production is uniform among all industries or there is only one basic good in an economy. Therefore, unless the numéraire industry has such a 'critical' proportion, the value of the numéraire is not constant. As already mentioned, such a numéraire is a variable measure of value.
This demonstrates that the change in the factor income distribution has two effects on the change in relative prices; one is that the variation in the price of a commodity arises from the necessity to eliminate the surplus or deficit in the corresponding industry, which is the own-industry effect; and the other is that the variation in the price of a commodity arises from the necessity to eliminate the surplus or deficit in the numéraire industry, which is the numéraire effect. Thus, when the invariable measure of value is adopted as the numéraire, the numéraire effect must be absent, by definition.
When the standard commodity b is adopted as the numéraire of the price system (or, more precisely, the net product of b satisfying (5) is adopted as the numéraire; i.e. p [I − A] b = 1), we obtain πpAb + w = 1 from (2). Since pAb = 1/Π, we obtain:
When the standard commodity is adopted as the numéraire of the price system, the term p disappears in the price equation of the numéraire. This is because, as already mentioned, the physical inputs required to produce b have the same physical composition as b itself. When the factor income distribution changes, we obtain from (9):
This is the condition for the absence of the numéraire effect shown by Bellino (2004) . Note that it also indicates that the income redistribution represented by (4) takes place. In other words, if the absolute price of a commodity (bundle) is invariable with respect to a change in the factor income distribution, it satisfies Bellino's condition for the absence of the numéraire effect.
It is also well known that we obtain a linear distributional relation from (9) if the standard commodity is adopted as the numéraire of the price system:
where ω ≡ w p[I−A]b . Then, (10) means that once the wage share/rate in terms of the standard commodity is known, we can obtain the rate of profit without referring to the price system. This implies a possibility of treating the factor income distribution independently of commodity prices (Pasinetti, 1977, p. 120) , which implies the indeterminacy of the price system. In other words, some outside and non-economic factors are necessary to determine the wage share/rate, and then the commodity prices. In contrast to the principle of marginal productivity, the factor income distribution cannot be determined solely by the demand-supply mechanism: for instance, institutional collective bargaining may be needed to determine the factor income distribution. This is a significant implication of the classical-Sraffian analysis, emphasized by those who favor Sraffa or those who are critical of the neoclassical demandsupply theory, such as Harcourt (1972, p. 201) and Nell (1967) .
As already mentioned, there has been much debate on the assumption of constant returns to scale in Sraffa's model. Sraffian economists assert that it does not need to be assumed. Moreover, according to Roncaglia (2009, p. 50 ), Sraffa interpreted his own model as a photograph of the system at an instant in time. In other words, Sraffa focused on the situation of a given economic system at a given moment in time. Since no change is considered in the model, there is no need to assume constant returns to scale. Eatwell (1977) argues that Sraffa's model is based on the classical economics tradition, and emphasized the striking difference in the analytical basis between classical and neoclassical economics. In the former case, he argued that the size and composition of the output, technique being used, and real wages are the data that determine the distribution of surplus, prices, and quantities of physical input and labor. In contrast, in the latter case, the preferences of individuals, initial endowments of commodities and/or factors of production, distribution of the initial endowments among individuals, and technology are the data, and all variables are determined by the interaction between supply and demand. Eatwell (1977) concludes that constant returns to scale is an unnecessary assumption, following the classical economics tradition. Furthermore, Pasinetti (1977, pp. 116-117) argues that no constant returns to scale needs to be assumed in Sraffa's model because the standard system (8) is an imaginary system used to define the standard ratio and the physical composition of the standard commodity. 8 Garegnani (2007) , which is the rejoinder to Samuelson (2007) , also asserts the nonnecessity of assuming constant returns to scale in Sraffa's model.
In contrast, neoclassical economists assert that constant returns to scale are assumed explicitly. For example, according to Burmeister (1975) , "one may deny constant returns to scale, but it is crucial then to determine what economically meaningful propositions remain valid;" Burmeister (1977) further states that "constant returns to scale is irrelevant for Sraffa's analysis only if one is content to pose irrelevant questions." He argues that the changes in the size and composition of output cannot be treated without assuming constant returns to scale in Sraffa's model. Then, if it is assumed, then fixing a factor income distribution, the changes in the size and composition of output have no effect on the choice of technique, as the nonsubstitution theorem shows. Otherwise, the changes in the size and composition of output generally affect the choice of technique. As a result, if the cost-minimizing technique changes, the standard commodity constructed from the present technique would no longer serve as an invariable measure of value, because the change in technical choice would vary the coefficient matrix A, which would lead to a corresponding change in the physical composition of the standard commodity and the standard ratio Π. Moreover, the linear distributional relation (10) derived from the current standard ratio would no longer hold. Therefore, he asserts that Sraffa's analysis is entirely irrelevant without assuming constant returns to scale. 9 Although our main concern does not lie in the debate itself, we make one further comment here. If we allow a change in the factor income distribution, as Sraffa did, in order to examine the function of the standard commodity as an invariable measure of value, this may affect the choice of technique whenever multiple alternative techniques are available. Thus, for the same reason given in Burmeister (1977) , discussed above, this may cause a shift from one technique (A, L) to another (A 0 , L 0 ), which means the standard commodity derived from (A, L) can no longer serve as the invariable measure of value. A critical point here is not the lack of constant returns to scale, unlike the neoclassical criticism of Sraffa, but the availability of multiple alternative techniques in a given economic system at a given moment in time. No economic school denies this feature. However, the above-mentioned debate indicates that, in the context of invariable measures of value, none of the neoclassical and Sraffian scholars seriously considered this feature, and consequently, the possibility of a changing in the costminimizing technique due to a change in the factor income distribution. 10 Consequently, this suggests that the existence of an invariable measure of value in an economy with multiple alternative techniques is still an open question. We will discuss this problem in the next section.
An Invariable Measure of Value in General Convex Economies
In order to examine the existence of an invariable measure of value in an economy with multiple alternative techniques, we first propose the notion of a specific composite commodity, constructed from a general convex economy with non-increasing returns to scale. The basic idea of our proposal is that, given a set of alternative production techniques, which are fixed in a given economic system at a given moment in time, we construct a specific composite commodity using data of the complete set of alternative techniques, rather than using the data of a present cost-minimizing technique. The production of such a composite commodity is feasible in this option set, but is not necessarily producible by the present cost-minimizing technique. Indeed, the composite commodity is defined independently of the alternative techniques chosen from the overall option set. We name this composite commodity a standard commodity, because it can be regarded as a mathematical extension of Sraffa's (1960) own standard commodity. In the following subsections, we show that our standard commodity can serve as an invariable measure of value in the sense of Ricardo (1951A) .
A standard commodity in general convex economies
To represent an economy with multiple alternative techniques, we introduce a production possibility set, P , with non-increasing returns to scale. Here, P is a set of available production processes (or techniques). A production process is defined as α ≡ (−α l , −α, α), where α l is a non-negative effective labor input of the process, α is a non-negative vector of the inputs of the produced goods used in the process, and α is a non-negative vector of the outputs of the n goods. Denote the corresponding net output vector by b α ≡ α − α. There are small, mild restrictions on the properties of P : (i) not activating any available production processes is feasible; (ii) to produce any non-negative vector of the n goods as a net output, there is at least one production process available in P ; (iii) to produce any non-negative and non-zero vector of commodities, the inputs of labor and at least one type of capital good are indispensable; and (iv) if there are two production processes available in P , any proportion, say t ∈ (0, 1), of one of the processes and the remaining proportion, 1 − t, of the other process can be jointly activated. A production possibility set P satisfying these restrictions is so general that various types of technologies, such as Leontief production models, with or without technical choices, joint production models, and even neoclassical differentiable production functions can be analyzed here. 11 Note also that there is no restriction that P must represent a technology with constant returns to scale. Therefore, the following argument can be applied to a class of economies where there is a fixed endowment of a primary factor, such as land, other than labor.
For a production possibility set P , denote ∂P ≡ {α ∈ P | @α 0 ∈ P : α 0 > α}, which is the set of efficient production processes in P . For each α ∈ P , let Π i ≡ α i α i − 1 for any commodity i = 1, . . . , n. We are then ready to define a specific composite commodity in each production set P , as follows.
Definition 1: For any production set, P , an n-dimensional positive vector, y * > 0, is called a standard commodity if there exists a vector α * ∈ ∂P with b α * = y * and α * l = 1 satisfying the following properties:
..,n Π * i ; and (iii) b α 00 ≯ b α * holds for any α 00 ∈ P with α 00 l = 1 and min i=1,...,n Π 00 i = min i=1,...,n Π * i . Correspondingly, the ratio Π * ≡ min i=1,...,n Π * i is called the standard ratio, while the efficient production activity vector α * is called the standard process.
This definition is well defined in that the standard commodity given by Definition 1 exists. 12 Definition 1 implies that an n-dimensional positive vector, y * , is called a standard commodity if it can be produced as the net product of an efficient production process α * = (−1, −x * , x * + y * ) ∈ ∂P , with labor input α * l = 1, physical inputs α * = x * , and gross outputs α * = x * + y * . In addition, under this process, the ratio of net product to physical inputs is uniform,
for any i, j = 1, . . . , n. Moreover, this ratio is maximal among all production processes available in P , as specified in condition (ii) of Definition 1. Finally, although there may still be many positive commodity bundles satisfying conditions (i) and (ii) of Definition 1, the standard commodity y * is maximal among those bundles, as specified in condition (iii). This implies that α * is the most capital intensive of the alternative processes satisfying (i) and (ii) of Definition 1. 13 If the production possibility set is represented by a Leontief production technique (A, L), 14 then our standard commodity y * is identical to the Sraffian standard commodity (I − A) b, and our standard ratio, Π * ≡ Π * i = Π * j for any i, j = 1, . . . , n, is identical to the Sraffian standard ratio Π discussed in section 2. Therefore, Definition 1 is a mathematical extension of the Sraffian definition of the standard commodity presented in section 2 to an economy with a general production set, P . Correspondingly, the standard process α * can be regarded as a generalization of the Sraffian standard system (8) to the production set P .
Some components of Definition 1 need further explanations. First, in the original standard system (8), the condition Lb = 1 is just a matter of normalization with no effect on the composition of b. In contrast, in Definition 1, where the constant returns to scale are not necessarily assumed, a choice of normalization, α * l = 1, would affect the composition of the standard commodity. However, none of the main results in this paper depend on such a specific choice of normalization, and the basic features of the standard commodity are invariant. Therefore, the choice of the one unit of labor as the normalization is a simple extension of the standard system to economies with non-constant returns to scale. 12 The existence of the standard commodity is shown in Theorem A1 of Appendix B. The unique existence of the standard commodity is not necessarily guaranteed, though the standard ratio uniquely exists. If production set P satisfies a "indecomposability" (Fujimoto, 1979 (Fujimoto, , 1980 condition, the unique existence of the standard commodity can be shown, according to the non-linear Frobenius theorem (Fujimoto, 1979 (Fujimoto, , 1980 . 13 Condition (iii) is satisfied trivially in an economy with a simple Leontief production technique, because there is no room for technical choice in such an economy. 14 Note that the following production possibility set represents a Leontief production technique (A, L):
Second, Definition 1(i)-(ii) represents all of the basic characteristics of the Sraffian standard commodity. In contrast, Definition 1(iii) simply stipulates a specific selection rule, which we will apply to multiple commodity bundles satisfying Definition 1(i)-(ii), and so none of the main results in this paper depend on it. Because Definition 1(iii) becomes redundant whenever the uniqueness of such a commodity bundle is ensured, it represents a specific extension of the notion of the standard commodity to economies where the uniqueness of the standard system is not ensured.
As we mentioned at the beginning of this section, the standard commodity of Definition 1 is independent of which production process is a cost-minimizer in equilibrium. This is a distinctive feature of Definition 1, and is not observed in the case of Sraffa's own standard commodity.
To see this point, assume that the production possibility set P is generated from a finite number of alternative Leontief production techniques, ©¡ A k , L k ¢ª . 15 According to the Sraffian methodology, such as in Eatwell (1977) , assuming that one Leontief technique, say (A 1 , L 1 ), is chosen as a cost-minimizer in the present equilibrium, it provides the data from which the standard commodity y 1 is constructed. Therefore, if the cost-minimizing technique changes to a different Leontief technique, say (A 2 , L 2 ); then, the standard commodity should also be transformed to y 2 , constructed from the data of (A 2 , L 2 ). In contrast, the standard commodity y * of Definition 1 is constructed from the data of P , and it is therefore invariant with respect to such a technical change. Moreover, the standard ratio, Π * , corresponding to y * , should satisfy Π
For simplicity, let us consider the case where the standard process α * ∈ P corresponding to Π * is uniquely specified and is activated by selecting a technique (A * , L * ) ∈ ©¡ A k , L k ¢ª . 16 Then, the linear equation π = Π * (1 − ω) dominates any other linear equation π = Π k (1 − ω), although this does not imply that (A * , L * ) is always cost-minimizing. 17 We can present the argument above using the following simple, numerical example.
Example 1: Let there be two Leontief production techniques (A 1 , L 1 ) = ([a 1 1 , a 1 2 ] , (L 1 1 , L 1 2 )) with a 1 1 ≡ ¢ . Then, the production possibility set P is given by
We can construct this as follows: for each ¡ A k , L k ¢ , the corresponding production set P (A k ,L k ) is specified as in footnote 14. Then, let P be the convex hull of ∪ k P (A k ,L k ) . 16 That is, there exists b
, then there is a technique that can be a cost-minimizer when the profit rate is sufficiently close to zero.
where I (2) ≡ • 1 0 0 1¸. Let (A 12 , L 12 ) ≡ ([a 1 1 , a 2 2 ] , (L 1 1 , L 2 2 )) and (A 21 , L 21 ) ≡ ([a 2 1 , a 1 2 ] , (L 2 1 , L 1 2 )). Technique (A 12 , L 12 ) implies that the process of technique 1 is used to produce good 1 and that of technique 2 used to produce good 2 and technique (A 21 , L 21 ) implies that the process of technique 2 is used to produce good 1 and that of technique 1 is used to produce good 2. These two techniques can be available as the definition of P makes any mixture of (A 1 , L 1 ) and (A 2 , L 2 ) available.
Then, for each of A 1 , A 2 , A 12 , and A 21 , the corresponding Frobenius eigenvalues are respectively θ 1 = 0.241, θ 2 = 0.469, θ 12 = 0.233, and θ 21 = 0.471. Let Π 1 ≡ 1 θ 1 − 1, so Π 1 = 3.142. Likewise, Π 2 ≡ 1 θ 2 − 1, so Π 2 = 1.134; Π 12 ≡ 1 θ 12 − 1, so Π 12 = 3.286; and Π 21 ≡ 1 θ 21 − 1, so Π 21 = 1.125. Therefore, the standard ratio based on Definition 1 is Π * ≡ max [Π 1 , Π 2 , Π 12 , Π 21 ] = Π 12 . Then, the corresponding technique (A * , L * ) is (A * , L * ) ≡ (A 12 , L 12 ). Note that the Frobenius eigenvector associated with A * is x * = µ 0.568 0.757 ¶ , which satisfies L 12 x * = 1. Therefore, the standard commodity based on Definition 1 is then
Given that c = µ 1 2 ¶ is the real wage bundle which is also chosen as the numéraire, the wage-profit curves for each Leontief production techniques ¡ A k , L k ¢ for k = 1, 2, 12, and 21, are defined as:
Then, the wage-profit frontier is defined by w (π) ≡ max {w 1 (π) , w 2 (π) , w 12 (π) , w 21 (π)} for each π ∈ [0, Π * ]. Figure 1 depicts the wage-profit frontier in this economy.
Insert Figure 1 here.
The above shows that technique (A * , L * ) is not always utilized; technique (A 2 , L 2 ) is chosen in the present equilibrium with π ∈ [0, 0.291). 18 Notwithstanding, the standard commodity y * is invariant, whichever technique is utilized.
Observing this feature, Sraffians may criticize Definition 1 because it allows the construction of the standard commodity based on production techniques that are not actually used, though they exist, and so are potentially useful in the present economy. However, there is no intrinsic reason why it should not be constructed from the data of existing but currently unused production techniques. 19 Moreover, the data of the existing but currently unused production techniques would be relevant when considering the possibility of technical changes. 18 Note that π = 0.291 is the intersection of the wage-profit curves with respect to ¡ A 2 , L 2 ¢ and (A * , L * ). 19 In this respect, recall that the standard system (8) in Sraffa (1960) was imaginary in nature, and was only introduced to define the standard commodity and the standard ratio, as Pasinetti (1977, pp. 116-117) points out, but there is no intrinsic reason to require that a commodity serving as an invariable measure of value not be constructed from an imaginary system. Indeed, such an extended data set would be indispensable for generalizing the Sraffian standard commodity if the generalization is required to function as an invariable measure of value, even though a change in the factor income distribution involves a change of cost-minimizing technique. Indeed, returning to the above example of ©¡ A k , L k ¢ª , neither y 1 nor y 2 can serve as an invariable measure of value (in terms of Baldone (2006) ) whenever a factor income redistribution (4) induces a change in the used technique. In contrast, y * can serve as an invariable measure of value in such case, as the next subsection shows.
The invariable measure of value and the linear relation of the factor income distribution
This section examines whether the standard commodity defined in Definition 1 can function as an invariable measure of value in economy P . Consider a price system, (p, w), which is a non-negative and non-zero vector with p 6 = 0. Let there be a maximal rate of profit, π = 0, and a production process, α = (−α l , −α, α), on P associated with (p, w), such that pα = (1 + π) pα + wα l and pα 0 5 (1 + π) pα 0 + wα 0 l hold for any α 0 = (−α 0 l , −α 0 , α 0 ) on P . 20 Then, let us call such a price system an equilibrium price. 21 Consider a situation in which an equilibrium price changes from (p, w) to (p 0 , w 0 ). Moreover, let π (resp. π 0 ) be the maximal rate of profit associated with the price system, (p, w) (resp. (p 0 , w 0 )). Then, let 4p ≡ p 0 − p, 4w ≡ w 0 − w, and 4π ≡ π 0 − π. Then, the following definitions are a generalization of the invariable measure of value, based on Baldone (2006) :
Definition 2: Given a production set, P , let (p, w) and (p 0 , w 0 ) be two different equilibrium prices, and π and π 0 be their respective maximal profit rates. Then, a commodity bundle, y > 0, serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ) if and only if there exist a non-negative and non-zero vector, x, and a positive number, k > 0, such that the process (−k, −x, x + y) is feasible for P , (−k, −x, x + y) ∈ P , and 4py = 0 holds whenever this price change involves a redistribution between profit and wages, (i.e., 4πpx + 4wk = 0).
Definition 3: Given a production set, P , a commodity bundle, y > 0, serves as an invariable measure of value if and only if for any different equilibrium price systems (p, w) and (p 0 , w 0 ), it serves as the invariable measure of value with respect to the change from (p, w) to (p 0 , w 0 ).
That is, a commodity bundle serves as an invariable measure of value if and only if for any change in the price system involving a redistribution of profit and wages, the price of this commodity bundle is invariable. The definitions faithfully follow that of Sraffa reviewed in Section 2. More precisely, let us consider the counterfactual situation of a change in the factor income distribution from (π, w) to (π 0 , w 0 ), while keeping the commodity price vector p constant, such that the increase (resp. decrease) in profit is equal to the decrease (resp. increase) in the wage in the production process (−k, −x, x + y) of the targeted commodity bundle, y. Such a change may be derived from a purely political conflict on the factor income distribution between capital and labor, or it may involve a change in technique. However, whatever the cause, it results in a change in commodity prices from p to p 0 . Then, the commodity bundle y can serve as an invariable measure of value with respect to the change from (p, w) to (p 0 , w 0 ) whenever py = p 0 y. Furthermore, if the commodity bundle satisfies such an invariable property for any change in price systems, with its corresponding redistribution between wage and profit, it can serve as an invariable measure of value.
It is worth emphasizing that, in the above definitions, the invariable property must hold, regardless of the cause of such a price change. For instance, even if the price change associated with the corresponding redistribution is generated by a technical change, so that the selected production process is changed in equilibrium, 22 the value of the commodity bundle is required to be invariable.
It is quite interesting that, as in the following theorem, the standard commodity serves as an invariable measure of value in general convex economies.
Theorem 1: For every production set P , the standard commodity y * serves as an invariable measure of value.
Proof: See the Appendix A.
To show Theorem 1, first, note that for each price system (p, w), the value of the standard commodity is given by py * = πpx * + w − δpx * , where π is the maximal profit rate associated with the price system (p, w) at P , and δ = 0 represents the shortfall of the profit rate from the maximal level generated by operating the standard process, α * = (−1, −x * , x * + y * ), at the equilibrium price. Therefore, if α * is a profit rate maximizer in the equilibrium price system (p, w), then δ = 0 holds; otherwise, δ > 0 holds. In a similar way, the value of the standard commodity at another equilibrium price (p 0 , w 0 ) is given by p 0 y * = π 0 p 0 x * +w 0 −δ 0 p 0 x * . Then, as shown in detail in the Appendix, the standard commodity can serve as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ) if and only if the shortfall of the profit rate generated by operating the standard system does not vary, δ = δ 0 , corresponding to such a change of prices. It then follows that the standard commodity can serve as an invariable measure of value if and only if the shortfall in profit generated by operating the standard system is invariable with respect to any change in equilibrium prices involving an income redistribution. Moreover, it can be shown that a change in equilibrium prices involves an income redistribution, 4πpx * + 4w = 0, if and only if the shortfall in profit generated by operating the standard system does not vary corresponding to this price change, 4δ = 0. Therefore, we can conclude that for any price change, 4py * = 0 holds whenever it involves 4πpx * + 4w = 0. Thus, the standard commodity serves as an invariable measure of value.
Let us now assume that the standard commodity, y * , is selected as the numéraire, and define the set of price systems measured by the standard commodity as ∆ y * ≡ © (p, w) ∈ R n+1 +¯p y * = 1}. Then, by definition, any non-negative and non-zero price vector, p, is normalized as py * = 1. Given such a situation, we need to examine whether and under what condition the linear distributional relationship between profit and wage is preserved in the production set P . The following theorem is our second main result.
Theorem 2: Given a production set, P , let α * = (−1, −x * , x * + y * ) be the standard process and Π * be the standard ratio. Then, the linear functional relation of factor income distribution π 0 = Π * (1 − w 0 ) holds for every equilibrium price system (p 0 , w 0 ) ∈ ∆ y * associated with the maximal profit rate, π 0 , if and only if p 0 y * = π 0 p 0 x * + w 0 holds for every equilibrium price system (p 0 , w 0 ) associated with π 0 .
The crucial point for the above analysis is whether the standard process α * = (−1, −x * , x * + y * ) is a profit rate maximizer at all equilibrium prices available in P . If the condition p 0 y * = π 0 p 0 x * +w 0 holds for any equilibrium price system (p 0 , w 0 ) associated with π 0 , then this implies that there is no shortfall in profit, δ 0 = 0, in the standard process, for any equilibrium price vector (p 0 , w 0 ). This property is trivially satisfied in single-product systems, such as Leontief production economies and Sraffa (1960) . In contrast, a general convex economy P allows for the possibility of joint production and technical choices, in which the standard process may not be a profit rate maximizer at some equilibrium prices. In such a case, Theorem 2 suggests that the linearity of the factor income distribution no longer holds, in general.
To see this point, recall Example 1 that supposes the alternative Leontief production techniques ©¡ A k , L k ¢ª for k = 1, 2, 12, and 21. In the example, the standard ratio Π * is generated from technique (A * , L * ), and the linear equation π = Π * (1 − ω) dominates any other linear equation π = Π k (1 − ω) because Π * > Π k for k = 1, 2, and 21. However, whenever the technique (A * , L * ) is not a cost-minimizer at some equilibrium prices (p 0 , w 0 ) with the rate of profit π 0 ∈ [0, 0.291), this implies that p 0 x * < (1 + π 0 ) p 0 A * x * + w 0 for the Frobenius vector x * > 0 of (A * , L * ), with L * x * = 1. In this case, by taking y * = (I − A * ) x * as the numéraire, we have π 0 > Π * (1 − w 0 ). Thus, the linear functional relation of the factor income distribution does not hold for this equilibrium price system (p 0 , w 0 ) ∈ ∆ y * .
Recall that an implication of the linear distributional relation (10) was that the determination of the factor income distribution can be formulated independently of competitive mechanisms in commodity markets under an economy with a simple Leontief production technique. However, the general impossibility of the linear distributional relation shown by Theorem 2 does not necessarily imply that this indeterminacy no longer occurs under an economy with a more general production technology than the simple Leontief one. Here, the linear distributional relation is just a sufficient condition warranting the Sraffian indeterminacy (Mandler, 1999, p. 699) . Therefore, in terms of the indeterminacy, we should not be distressed by the impossibility of the linear distributional relation.
Concluding Remarks
In this study, we examine the invariable measure of value in general convex economies by proposing an extension of Sraffa's standard commodity to such economies. Following Baldone (2006) , we focus on the invariance of a measure of value when the price changes induced by the income redistribution between profit and wage, as shown by (4), take place. Theorem 1 demonstrates the general possibility of the price invariance of the extended standard commodity in general convex economies, which implies that the extended standard commodity serves as the invariable measure of value with respect to the income redistribution, even though it involves a change in technique. Thus, we can ascertain how the income redistribution and the induced technical change would affect price movements in commodity markets, independently of the numéraire effect problem.
Furthermore, we examine whether the linear distributional relation is valid in the general convex economies. Theorem 2 demonstrates that, unlike in Sraffa's model, the linear distributional relation is not preserved in general, even though the standard commodity is adopted as the numéraire. It is preserved if and only if the standard process α * is a profit maximizer at all equilibrium prices. Put another way, the linear distributional relation is preserved in the general convex economies if and only if the standard commodity can be produced without incurring a shortfall of profit at all equilibrium prices. This condition is always satisfied in the Leontief-Sraffa model, but is not always satisfied in general convex economies.
General convex economies are similar to the economic environment where Ricardo originally attempted to find the invariable measure of value, in that the economies allow for changes in both the factor income distribution and technique. Our contribution is that we have shown the existence of an invariable measure of value that follows Ricardo's original attempt as faithfully as possible. Moreover, that we are able to treat joint production without the difficulty found in Sraffa (1960) , which Manara (1980) and Schefold (1989) both confronted, is a novel characteristic of our model.
There remain two open questions with regard to the Ricardian invariable measure of value. Firstly, we have presumed an economy with a fixed general convex set of available production techniques. This means that we do not address the issues of technical progress or technological innovation, although Ricardo obviously gave attention to their effects on the overall economy. 23 In order to discuss these issues, we must consider a further generalization of the standard commodity to an economy with a variable set of available production techniques, and then examine its performance as an invariable measure of value in such an economy. This feature may create a conceptual difficulty in the construction of the standard commodity because we have to rationally expect, in the present period, the intertemporal path of technical progress that would occur in future; otherwise, it is impossible to construct a generalized standard commodity as an invariable measure of value in such an economy.
However, it should, in general, be impossible to have a perfectly rational expectation about future technological innovation. We leave this fundamental question for future research.
Secondly, we argued that the proposed generalized standard commodity can function as the invariable measure of value under an economy with technology exhibiting non-increasing returns to scale, because the production possibility set is presumed to be convex only. Thus, we do not consider the case of an economy with technology that exhibits increasing returns to scale. Note that the existence of the generalized standard commodity is warranted, even in such an economy, whenever the production possibility set has the property of being homogeneous of degree k, with k > 1. 24 However, to examine the performance of such a generalized standard commodity as an invariable measure of value, we have to discuss what constitutes an equilibrium price system in such an economy. This is because the notion of equilibrium price systems associated with the maximal profit rates is not well defined in such an economy, owing to the non-convexity of the production possibility set. There are several alternative notions of equilibrium prices in an economy with increasing return to scale technology, such as marginal cost pricing. The performance of the generalized standard commodity as an invariable measure of value may depend on which of these alternative notions is selected in such an economy. This interesting question is also left for future research.
Appendix A: Mathematical Formulation of Production Possibility Set and Proofs of Theorems
Here, we rigorously formulate our model presented in Section 3.
Let R + be the set of all non-negative real numbers, and R ++ be the set of all positive numbers. Let R n + (resp. R n ++ ) be the n-fold Cartesian product of R + (resp. R ++ ). For any x, y ∈ R n + , we write x = y to mean [x i = y i , for all i = 1, . . . , n], x ≥ y to mean [x i = y i , for all i = 1, . . . , n and x 6 = y], and x > y to mean [x i > y i , for all i = 1, . . . , n].
Let there be n reproducible commodities. Let 0 denote the null vector. The production technology is represented by a production set, P , which has elements of the form α = (−α l , −α, α), where α l ∈ R + is the effective labor input of the process; α ∈ R n + are the inputs of the produced goods used in the process; and α ∈ R n + are the outputs of the n goods. Thus, elements of P are vectors in R 2n+1 . Then, the following assumptions are imposed on production set P .
Assumption 0 (A0). P is closed and convex in R 2n+1 and 0 ∈ P . Assumption 1 (A1). For all α ∈ P , if α ≥ 0, then α l > 0 and α ≥ 0.
The production possibility set P is homogeneous of degree k if there exists k ∈ R ++ , with k > 1, such that for all α ∈ P , and for any λ > 0, ³ −λα l , −λα, λ k α´∈ P . 25 A2 is standard in economic models with convex production sets, like Roemer (1980 , 1982 ), Flaschel (1983 ), and Yoshihara (2010 . It is a generalization of the productiveness presumed in the standard Leontief production models.
Under A0~A2, the following lemma can be expressed and proven rigorously, as follows.
Lemma 1: For any production set P satisfying A0~A2, the standard commodity y * associated with the standard system α * = (−1, −x * , x * + y * ) ∈ ∂P serves as an invariable measure of value if and only if for any equilibrium prices (p, w) and (p 0 , w 0 ) such that 4πpx * + 4w = 0, there exist non-negative numbers δ, δ 0 = 0 such that py * = πpx * + w − δpx * , p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * , and δ = δ 0 hold.
Proof: Consider any equilibrium prices (p, w) and (p 0 , w 0 ) such that p 6 = 0 6 = p 0 and 4πpx * + 4w = 0. By Definition 1, y * = Πx * holds for some Π > 0. Since α * l = 1, py * 5 πpx * + w and p 0 y * 5 π 0 p 0 x * + w 0 hold, in general. Therefore, there are non-negative numbers δ, δ 0 = 0 such that py * = πpx * + w − δpx * and p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * hold. Then,
where 4δ ≡ δ 0 − δ. Since y * = Πx * , equation (a.1) can be reduced to
Thus, unless 1 Π (π 0 − δ 0 ) = 1, we have
Suppose that y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ). Then, by Definition 2, 4πpx * + 4w = 0 implies 4py * = 0. Then, by equation (a.2), 4δpx * = 0 must hold. Since x * > 0 by Definition 2 and y * = Πx * , px * > 0 holds, and so 4δ = 0 must hold. Therefore, δ = δ 0 holds.
Conversely, let there be δ, δ 0 ∈ R + such that py * = πpx * + w − δpx * , p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * , and δ = δ 0 hold. Because we consider a redistribution of wages and profit, 4π 6 = 0 6 = 4w holds. Therefore, (π 0 − δ 0 ) 6 = (π − δ) holds. Then, at least one of (π 0 − δ 0 ) and (π − δ) is not equal to Π. Thus, without loss of generality, let (π 0 − δ 0 ) 6 = Π. Then, equation (a.3) implies that 4py * = 0 follows from 4πpx * + 4w = 0. Thus, by Definition 2, y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ). Because (p, w) and (p 0 , w 0 ) are any equilibrium prices, y * serves as an invariable measure of value, by Definition 3.
By letting
, Corollary 1 can be obtained as follows.
Corollary 1. Under any production set, P , satisfying A0~A2, take any equilibrium prices (p, w) and (p 0 , w 0 ) such that α * ∈ P (p, w) ∩ P (p 0 , w 0 ) holds. Then, the standard commodity y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ).
Proof. Note that α * = (−1, −x * , x * + y * ) ∈ P (p, w) ∩ P (p 0 , w 0 ) implies that py * = πpx * + w − δpx * and p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * hold for δ = 0 = δ 0 . Then, by Lemma 1, the desired result immediately follows.
Given a price vector (p, w) ∈ R n+1 + , let ω ≡ w py * , which is the labor share measured by the standard commodity. Then, we have the following lemma.
Lemma 2: Given P satisfying A0~A2, the linear functional relation of the factor income distribution, π 0 = Π (1 − ω 0 ), holds for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + associated with the maximal profit rate π 0 if and only if p 0 y * = π 0 p 0 x * + w 0 holds for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + associated with π 0 .
Proof. By the definition of an equilibrium price system (p 0 , w 0 ) ∈ R n+1 + associated with the maximal profit rate π 0 , it is generally true that p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * for some δ 0 = 0. Then, because y * = Πx * holds for some Π > 0, it follows that Πp 0 x * = p 0 y * and, thus, 1 = 1 Π π 0 + w 0 p 0 y * − 1 Π δ 0 . The last equation implies that π 0 = Π (1 − ω 0 ) + δ 0 . Thus, we have a functional relation π 0 = Π (1 − ω 0 ) + δ (p 0 , w 0 ) for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + , where δ (p 0 , w 0 ) represents a non-negative, real-value function δ : R n+1 + → R + such that for any (p 0 , w 0 ) ∈ R n+1 + , δ (p 0 , w 0 ) = 0 holds if and only if α * ∈ P (p 0 , w 0 ). As a result of this functional relation, for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + , π 0 = Π (1 − ω 0 ) holds if and only if δ (p 0 , w 0 ) = 0. Therefore, π 0 = Π (1 − ω 0 ) holds for any equilibrium price (p 0 , w 0 ) ∈ R n+1 + if and only if α * ∈ P (p 0 , w 0 ) for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + . Because α * ∈ P (p 0 , w 0 ) implies p 0 y * = π 0 p 0 x * + w 0 , we obtain the desired result.
Proof of Theorem 1. From the proof of Lemma 2, we have a functional relation of wages and profit rates such that 1 Π π + ω = 1 + 1 Π δ (p, w) for any equilibrium price system (p, w) ∈ R n+1 + , where δ (p, w) = 0 holds if and only if α * ∈ P (p, w). Consider a change in the wage and profit rates from (π, w) to (π 0 , w 0 ), while keeping the commodity prices so as to satisfy 4πpx * + 4w = 0. In general, a change in the wage and profit rates from (π, w) to (π 0 , w 0 ) is given by the following rule:
Thus, a change in the wage and profit rates is represented by 1 Π 4π + 4ω = 1 Π 4δ, in general. Thus, 1 Π 4π + 4ω = 0 if and only if 4δ = 0. Furthermore, if a change in the wage and profit rates from (π, w) to (π 0 , w 0 ), while maintaining the commodity prices, satisfies 4πpx * +4w = 0, this implies that 1 Π 4π + 4w py * = 0 ⇒ 1 Π 4π + 4ω = 0. Thus, 4δ = 0 holds. Let us take any equilibrium prices, (p, w) , (p 0 , w 0 ) ∈ R n+1 + , with p 6 = 0 6 = p 0 associated with the maximal profit rates π = 0 and π 0 = 0, respectively. If α * ∈ P (p, w) ∩ P (p 0 , w 0 ), then y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ), as shown by Corollary 1.
Suppose that α * ∈ P (p, w) \P (p 0 , w 0 ). Then, because py * = πpx * + w and p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * with δ 0 > 0, 4δ 6 = 0 holds. Therefore, 4πpx * + 4w 6 = 0 holds. Thus, by Definition 2, y * trivially serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ). Note that the same argument can be applied to the case where α * ∈ P (p 0 , w 0 ) \P (p, w).
Suppose that α * / ∈ P (p, w) ∪ P (p 0 , w 0 ). Then, py * = πpx * + w − δpx * and p 0 y * = π 0 p 0 x * + w 0 − δ 0 p 0 x * , for some δ, δ 0 > 0. If δ 6 = δ 0 , then 4πpx * + 4w 6 = 0 holds from 4δ 6 = 0. Thus, by Definition 2, y * trivially serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ). Let δ = δ 0 . Then, 4δ = 0. Thus, whenever a change from (p, w) to (p 0 , w 0 ) secures 4πpx * + 4w = 0, y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ), by Definition 2 and Lemma 1.
In summary, for any equilibrium prices (p, w) , (p 0 , w 0 ) ∈ R n+1 + , with p 6 = 0 6 = p 0 , y * serves as an invariable measure of value with respect to a change from (p, w) to (p 0 , w 0 ). Thus, by Definition 3, y * serves as an invariable measure of value.
Proof of Theorem 2. By Lemma 2, π 0 = Π (1 − ω 0 ) for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + associated with the maximal profit rate π 0 if and only if p 0 y * = π 0 p 0 x * + w 0 holds for any equilibrium price system (p 0 , w 0 ) ∈ R n+1 + associated with π 0 . Let any equilibrium price system (p 0 , w 0 ) be normalized by the simplex ∆ y * . Then, ω 0 is reduced to w 0 . Thus, π 0 = Π (1 − w 0 ) for any equilibrium price system (p 0 , w 0 ) ∈ ∆ y * associated with the maximal profit rate π 0 if and only if p 0 y * = π 0 p 0 x * + w 0 holds for any equilibrium price system (p 0 , w 0 ) ∈ ∆ y * associated with π 0 .
Appendix B: The Existence of the Standard Commodity
To provide a general existence of the standard commodity, we first introduce the following additional assumptions on the production set.
Assumption 3 (A3). For all α ∈ P , and for all (−α 0 l , −α 0 , α 0 ) ∈ R − × R n − × R n + , if (−α 0 l , −α 0 , α 0 ) 5 α, then (−α 0 l , −α 0 , α 0 ) ∈ P . The model of production sets with A0~A3 still covers a broad class of production technologies. Indeed, it still contains the class of von Neumann production models and the class of Leontief production models with the possibility of technical choices.
For each production possibility set P , given k > 0, let P (α l = k) ≡ {α ∈ P | α l = k} and ∂P (α l = k) ≡ {α ∈ P (α l = k) | @α 0 ∈ P (α l = k) : (−α 0 , α 0 ) > (−α, α)} .
Given the above setup of the model and the definition of the standard commodity presented in Section 3, the general existence of the standard commodity is proven as follows.
Theorem A1: Under A0~A3, there exists a standard commodity y * ∈ R n ++ associated with α * * * ∈ ∂P (α l = 1) and b α * * * = y * .
Proof: Given P (α l = 1), which is convex, let P α l =1 be the minimal closed convex cone containing P (α l = 1). By definition, P α l =1 is a closed convex cone with P α l =1 (α l = 1) = P (α l = 1). If P is a cone, P α l =1 = P . Given P α l =1 , let P α l =1 ≡ n α ∈ P α l =1 | P i=1,...,n α i = 1 o .
Let F : P α l =1 → R + be such that for each α ∈ P α l =1 , F (α) = min i=1,...,n
This mapping is continuous and well defined, by A1. Note that by A2, A3, and the convexity of P , there exists α 0 ∈ ∂P (α l = 1) such that b α 0 > 0. Hence, for
..,n α 0 i´> 0. This implies that sup α∈P α l =1 F (α) > 0. Suppose that sup α∈P α l =1 F (α) = +∞. Then, there exists a sequence © α k ª ⊆ P α l =1 such that α k → α * with lim k→+∞ F ¡ α k ¢ = F (α * ) = sup α∈P α l =1 F (α). By the definition of F , F (α * ) = +∞ implies that α * = (−l, 0, α * ) for some l = 0 and some α * > 0. Because P α l =1 is closed, α * ∈ P α l =1 . By construction, P α l =1 satisfies A1, which is a contradiction of α * ∈ P α l =1 . Thus, sup α∈P α l =1 F (α) < +∞. Then, sup α∈P α l =1 F (α) = max α∈P α l =1 F (α). Let α * ∈ arg max α∈P α l =1 F (α). Then, by the cone property, α * α * l ∈ P (α l = 1) and α * α * l ∈ arg max α∈P (α l =1) F (α). Hence, without loss of generality, let α * ∈ arg max α∈P (α l =1) F (α). Then, α * ∈ ∂P (α l = 1). Because there exists α 0 ∈ ∂P (α l = 1) such that F (α 0 ) > 0, max α∈P (α l =1) F (α) > 0 holds, which implies that α * > 0.
Define V ≡ {α − F (α * ) α | (−1, −α, α) ∈ P (α l = 1)}. Then, V is a closed convex set with V ∩ R n ++ = ∅. Therefore, there exists p * ∈ R n + \ {0} such that p * [α − F (α * ) α] 5 0 for all α ∈ P (α l = 1), and p * z > 0 for all z ∈ R n ++ . This implies that if there exists i ∈ {1, . . . , n}, with = F (α * ), (α * * i , α * * i ) ≡ (α * i , α * i ). Then, by construction, p * [α * * − F (α * ) α * * ] = 0, which implies that α * * ∈ ∂P (α l = 1). Note that α * * > 0 and α * * = F (α * ) α * * .
Denote the set of such production processes as α * * by P (F ). Then, for any α * * ∈ P (F ), α * * ∈ ∂P (α l = 1) and F (α * * ) = F (α 0 ) hold for all α 0 ∈ P (α l = 1). Because P (F ) is compact by P (F ) ⊆ ∂P (α l = 1) ∩ {α ∈ P | b α > 0}, there exists α * * * ∈ P (F ) such that for any α * * ∈ P (F ), α * * * − α * * * ≮ α * * − α * * .
Let y * ≡ α * * * − α * * * . Recall that there exists α 0 ∈ ∂P (α l = 1) such that b α 0 > 0 and F (α 0 ) > 0, which implies F (α * ) = F (α 0 ) > 1. Therefore, y * > 0. Then, there exists a positive number Π > 0 such that Πx * = y * for x * ≡ α * * * > 0. By Definition 1, y * > 0 is a standard commodity of the production set P . Note that 1+Π = max α∈P (α l =1) F (α) = F (α * * ) and y * ≮ α * * − α * * for any α * * ∈ P (F ). This guarantees the uniqueness of the standard ratio Π for P . 
